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Abstract—One of the most important features in smart grid is 
power system self-healing and power quality improvement. 
Power quality monitoring is essential to realize this feature. 
Installing power quality monitors (PQM) in every component of 
the power network is not feasible due to economic reasons. So 
how to find the optimal number and locations of power quality 
monitors while maintaining system observability becomes an 
important problem. The major contribution of this paper 
includes providing the model for PQM optimization problem 
considering both system observability and fault location 
constraints. The model is then formulized as an integer linear 
problem and reduced to a group of k-median decision problems. 
A local search algorithm is proposed to solve the problem. The 
IEEE 14 bus network is utilized as a case study. Algorithm 
efficiency is evaluated using Matlab tools and compared with an 
existing branch and bound algorithm. Experimental results show 
that proposed algorithm is more than an order of magnitude 
faster than current algorithm while maintain the accuracy of 
results. 

Keywords—smart grid; power quality; power quality monitor; 
optimization; fault location; local search algorithm 

I.  INTRODUCTION  
Smart grid combines traditional power system with 

communication and information technologies to provide a 
more flexible and stable power grid. One of the most important 
features in smart grid is self-healing [1]. Power quality 
monitoring is essential for realizing a self-healing power 
network as it provides observation about power quality 
problems [2]. Due to financial constraints, installing power 
quality monitors (PQM) in every component of the power 
network is not feasible. So how to find the optimal number and 
locations of PQM while maintaining system observability 
becomes an important problem.  

Currently many PQM has already been installed to monitor 
power quality events. For example in Shenzhen power grid (the 
fourth-largest power load center in China), a total number of 
651 PQM are installed in transformer substations around 
voltage levels of 110kv and 10kv. However, due to the 
tremendous amount of loads at demand side, it’s infeasible to 
install PQM in each bus below the 10kv voltage level. So an 

optimization location of PQM is the only solution. This optimal 
solution should reduce the total number of PQM while 
maintaining the observability of the system. Moreover, fault 
locating of these power quality events should be achieved by 
these PQMs. 

Optimal number of PQM considering system cost and 
observability has been studied for a while. Early works can be 
found in [3]. C. Ammer and H. Renner proposed a method 
based on correlation and regression analysis to detect nodes 
with similar behavior to reduce redundant measurements. But 
their work is based on data analysis so only guarantees a 
certain level of accuracy. M. Eldery et al. made a progress to 
this problem by applying Ohm’s law and Kirchhoff’s current 
law to get the theoretical relationship between nodes. They 
then changed the PQM optimization problem into an integer 
linear problem [4]. The objective function is to find the 
minimum number of monitors while maintaining the 
observability of the power system. TOMLAB was used to 
solve the problem. Similar work can be found in [5] where G. 
Olguin brought the idea of monitor reach area (MAR). MAR is 
the area of power network which can be observed from a given 
monitor position. The proposed voltage sag monitoring 
problem is also formulized as an integer linear optimization 
problem. Existing branch and bound algorithm was used to 
solve the problem. Another approach was made by Dong-Jun 
Won and Seung-Il Moon in [6] where they changed the power 
system topology into a coverage matrix based on graph theory. 
They gave different weighting factors to different power 
network components. Then the objective is changed into 
minimizing the total weight of components which is not 
monitored. D.C.S. Reis et al. further developed a branch and 
bound algorithm to solve the optimization problem in [7]. Their 
model is similar to that described in [5]. Latest work on this 
topic can be found in [8] and [9] where other algorithms like 
genetic algorithm, fuzzy sets theory, particle swarm 
optimization and artificial immune systems are used to solve 
the problem. 

However, current model on PQM optimization problem 
only considers system observability but lacks of fault location 
guarantee. So it’s not sufficient enough to apply these 
algorithms into the practical power grid. Also in Shenzhen 
power grid, the most important thing after power quality event 
detected is to repair the power system component which 
triggers the event. But this depends on fault location.  Although 
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there are other works considering fault location in power 
system using PQM like in [10] and [11], their objectives are 
minimizing location errors so the problem is quite different. 
Chao Zhou et al. considered fault location in PQM 
optimization problem in [12]. But their method is applying 
least squares method to estimate fault location after after the 
optimal PQM locations are obtained. During the PQM 
optimization process, fault location constraints are still not 
considered. 

This work aims to provide a model for PQM optimization 
problem which considers both system observability and fault 
location constraints. Similar analysis in previous works like 
[3]~[9] is applied in this work. The PQM optimization problem 
is formulized as an integer linear optimization problem. Then 
the problem is reduced to a group of k-median decision 
problems and a local search algorithm is provided to get the 
optimal result. 

This paper is organized as follows. Section II provides the 
problem model and formulation. Section III brings the concept 
of k-median problem and reduces the formulized linear integer 
problem into k-median problem. A local search algorithm is 
then introduced. Section IV gives a case study of IEEE 14 
buses network and compares the proposed algorithm with 
previous branch and bound algorithm proposed in [7]. Also an 
evaluation of the proposed algorithm using Matlab tools is 
given. Section V gives the conclusion. 

II. PROBLEM MODEL AND FORMULATION 

A. PQM optimization problem model 
As many works have already been done in this problem like 

in [3]~[9], we adopt and conclude those analyses described in 
these works.  

 Following Fig. 1 presents part of the power system with 
one transmission line between two buses. 
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Fig. 1. One transmission line between two buses 

The above three components are all candidate power quality 
event triggers, so the simplest way is installing three PQMs. 
However, as one PQM is able to measure both voltage and 
currents at the installed bus [4], so only two PQMs are required. 
Here we get the first lemma: the current of the transmission 
line can be obtained by PQM installed in either bus across the 
line.  

Furthermore, we apply Ohm’s law in the above scenario as 
follows.  

௝ݒ                  െ ௞ݒ ൌ ܴ ௝݅௞ ൅ ܮ ௗ௜ೕೖௗ௧                                           (1) 

Suppose the resistance and reactance value of the transmission 
line are already known. From this equation we get another two 
lemmas. Lemma 2 is that if the voltage of one bus and the 
current of the line connect to it are known, the voltage of the 
other bus connect to the same line is calculable [4]. Lemma 3 is 
that if the voltages of two buses across the line are known, the 

current of the line is calculable [4]. According to the three 
lemmas, only one PQM would be enough to cover the three 
components in the above scenario. 

Now we consider a four bus scenario as following Fig. 2 
presents. 
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Fig. 2. Three buses with two transmission lines 

There are total 7 components in the above Fig. 2. According to 
lemma 1, if PQMs are installed in ݒ௝  and ݒ௡  , ௝݅௞  and ݅௠௡  are 
observable. According to lemma 2, both ݒ௞  and ݒ௠  are 
observable. According to lemma 3, ݅௞௠  is calculable too. So, 
only two PQMs would be enough to cover the 7 components in 
ideal conditions. However, as ݅௞௠  is calculated indirectly, so 
communication between PQMs installed in ݒ௝  and ݒ௡  is 
required. This may lead to additional cost and low accuracy, 
thus in our model lemma 3 is not applied. Similar idea has been 
used by M. Eldery in [4] and D.C.S. Reis in [7]. On the other 
hand, the concept of threshold p in [5] can be introduced. 
Threshold p is used to denote the PQM event capturing 
threshold. For example in the voltage sag problem, if the 
residual voltage is less than 0.9 nominal voltage, the event will 
be captured by PQM, so threshold p can be set as 0.9. This 
concept is also adopted in [6][8][9]. 

 Now we consider a power grid consists of n buses and m 
lines. Each voltage of the bus and each current of the line is a 
possible power quality event trigger. Each bus is a candidate 
position for PQM (According to lemma 1, current of the line 
can be obtained by PQM installed in the bus). A vector X 
defined as follows is used to denote the installation position of 
PQM. 

௜ܺ ൌ ൜1,            if monitor is installed in bus ݅ 0,    if monitor is not installed in bus ݅       (2) 

X=ሺ ଵܺ, ܺଶ, ڮ ܺ௡ሻ்                                                     (3) 

Suppose the cost of one PQM is 1. Then the objective function 
of PQM optimization problem is to minimize the total cost of 
PQMs, as following equation (4) illustrates. ݉݅݊ ∑ ௜ܺ௡௜ୀଵ ൌ ݉݅݊ܺ                                                         (4) 

B. The observability constraint 
 The observability constraint means each of the power 
system quality events should be monitored by at least one PQM. 
We use a connective matrix M to denote the observability of 
the power system. We assumed that the power network has n 
buses and m lines so the total number of event positions is ݊ ൅ ݉ . As the number of candidate PQM position is ݊ , so 
matrix M is a ሺ݊ ൅ ݉ሻ ൈ ݊ matrix. M can be divided into two 
parts as ሾ்ܣ, ሿ்்ܤ . Matrix A denotes the observability of 
voltage events caused by ݊ buses. A is a ݊ ൈ ݊ matrix. On the 
other side, matrix B denotes the observability of current events 
caused by m lines. B is a ݉ ൈ ݊ matrix. The element of M can 
be defined as follows.  



௜௝ܯ ൌ ൜1,    if position ݅ can be caputured by PQM j0, if position ݅ canԢt be caputured by PQM j     (5) 

So the observability constraint can be written as following 
equation.  ܺܯ ൒ 1                                                                              (6) 

According to lemma 2, if a bus j is installed with a PQM, the 
voltage of bus j is observable. Also the current of the line 
connect to bus j is observable. Assume bus i is another bus 
connects to the same line and the resistance and reactance of 
the line are obtained. Then voltage of bus i is calculable. With 
the concept of threshold p, the value of element ܣ௜௝ is obtained. 
For a particular bus i, let ܣሺ݅ሻ denotes the i-th row of matrix A. 
Then ܣሺ݅ሻܺ ൒ 1  means bus i is observable. Similarly, with 
lemma 1 and the concept of threshold, the value of matrix ܤ 
can be obtained.  

However, according to analysis in [4], observation 
redundancy may still happen if only considering the above 
constraint (6). Other power system mechanism model or law 
can be applied to further reduce the redundancy. But this may 
not change the form of the formulation but only lead to the 
adjustment of matrix M. For example if lemma 3 is applied into 
the model, a co-connective matrix B would be introduced to 
modify the connective matrix M as [4] and [7] presents. On the 
other side, as matrix M denotes whether a particular event can 
be captured by one PQM, M is a 0-1matrix. It means the value 
of matrix M is either 1 or 0. 

C. The fault location constraint 
The fault location constraint means power quality events 

captured by PQMs should be distinguishable from each other. 
As current event is different from voltage event essentially, so 
if voltage events are distinguishable from each other and 
current events are distinguishable from each other, the fault 
location can be achieved.  

A simple thought to satisfy this constraint is that different 
power quality event should be captured by different PQMs. 
This can be regarded as the coding of power quality event. For 
example in a voltage quality event scenario, if voltage event 
caused by bus i and j are captured by the same PQM k, it’s hard 
to locate the fault. But if bus i is captured by PQM k while bus 
j is captured by two PQMs k and p, the two events are 
distinguishable. In the example, fault position i is coded by k 
while j is coded by kp. 

Let ݀௜௝ denote the distance of coding between bus i and j. 
This distance equals to the number of different PQMs which 
capture voltage fault locates in i and j. In aforementioned 
example, ݀௜௝ ൌ 1  as fault of bus j and bus i can be 
distinguished by only one PQM p. The same method can also 
be applied to distinguish current fault positions.  

Let ݀௠௜௡  denotes the minimum ݀௜௝ . With larger ݀௠௜௡ , the 
fault location would be more accurate but larger ݀௠௜௡  may lead 
to more cost. So we intend to use small ݀௠௜௡ . But small ݀௠௜௡  
may lead to undistinguishable cases in some scenario. For 
example, assuming quality event position s can also be 
captured by PQM k in the aforementioned case, it’ll be difficult 
to distinguish the event caused by bus j from the events caused 

by buses i and s together. Fortunately current PQM is able to 
record the accurate time of events. So long as power quality 
event does not happen frequently, ݀௜௝ ൌ 1 would be enough to 
distinguish the fault position. 

In the above section B, the observability constraint has 
already been denoted by matrix M ൌ ሾ்ܣ, ሿ்்ܤ , where A 
denotes voltage constraints and B denotes current constraints. 
We use the same matrix to formulize the fault location 
constraint. Suppose ܣሺ݅ሻ denotes the i-th row of matrix A, ܣሺ݆ሻ 
denotes the j-th row of matrix A. So ܣሺ݅ሻ۩ܣሺ݆ሻ denotes the 
different between ܣሺ݅ሻ and ܣሺ݆ሻ where ۩ means XOR logic. If ሾܣሺ݅ሻ۩ܣሺ݆ሻሿX ൒ ݀௜௝ , then the distance between voltage event 
caused by position i and j is at least ݀௜௝ . Let matrix E denotes 
the voltage fault location constraint and matrix I denotes the 
current fault location constraint. E is a ܥ௡ଶ ൈ n matrix where 
each row of E is defined as follows. ܧሺ݅ ൅ ݆ሻ ൌ ݅׊ሺ݆ሻ   ሺܣ۩ሺ݅ሻܣ ് ݆ሻ                           (7) 

Similarly F is a ܥ௠ଶ ൈ n matrix where each row of F is defined 
as follows. ܫሺ݅ ൅ ݆ሻ ൌ ݅׊ሺ݆ሻ   ሺܤ۩ሺ݅ሻܤ ് ݆ሻ                           (8) 

Let matrix Rൌ ሾ்ܧ, ሿ்்ܫ , then R denotes the fault location 
constraint. It’s obvious that at least one column of vector ܴሺ݅ ൅ ݆ሻ is nonzero because two different fault positions can’t 
be captured by the exact same PQMs. If the observability of 
two different fault positions (bus or line) is the same, the 
electrical connection topology of the two fault positions is the 
same. This is not feasible in practical power network. 

Based on analysis in above sections A, B and C, an integer 
problem for PQM optimization can be formulized as follows.  ݉݅݊ܺ                                                                         (3) ܺܯ ൒ 1                                                                      (6)  ܴX ൒ ݀௜௝                                                                     (9) 

Equation (9) can be changed to another form as follows.  ܦX ൒ 1                                                                      (10) 

The transform method is as follows. ݔ௔భ ൅ ௔మݔ ൅ ڮ ൅ ௔ೢݔ ൒ ݌ where ݌ ൑ ݓ ฻ 

۔ە
ۓ ௔మݔ ൅ ڮ ൅ ௔ೢݔ ൒ ݌ െ ௔భݔ1 ൅ ௔యݔ ൅ ڮ ൅ ௔ೢݔ ൒ ݌ െ 1… ௔భݔ… ൅ ௔మݔ ൅ ڮ ൅ ௔ೢషభݔ ൒ ݌ െ 1 

There are totally w inequalities and each of these w inequalities 
can be applied with the same transform method until the right 
side of ൒ is 1. This method can be proved by contradiction.  

Proof: X is a 0-1 vector, assume ݔ௔భ ൅ ௔మݔ ൅ ௔೗షభݔ ൅ ௔೗శభݔ … ൅ݔ௔ೢ ൏ ݌ െ 1, ሺ݈׊ ൑ ሻݓ  . As ݔ௔೗ ൌ 0 or 1  ሺ݈׊ ൑ ሻݓ , so ݔ௔భ ൅ ௔మݔ ൅ ௔೗షభݔ ൅ ௔೗శభݔ … ൅ ௔ೢݔ ൑ ݌ െ 2 , so ݔ௔భ ൅ ௔మݔ ൅ڮ ൅ ௔ೢݔ ൑ ݌ െ 1 , so ݔ௔భ ൅ ௔మݔ ൅ ڮ ൅ ௔ೢݔ ൏ ݌  which leads 
to contradiction. So ݔ௔భ ൅ ௔మݔ ൅ ڮ ൅ ௔ೢݔ ൒ ฻ ݌ ௔భݔ  ൅



௔మݔ ൅ ௔೗షభݔ ൅ ௔೗శభݔ … ൅ ௔ೢషభݔ ൒ ݌ െ 1 for every ݈ ൑ ݓ . This 
proofs the above transform method.  

III. SOLUTION ALGORITHMS 
In this section the k-median decision problem is introduced 

and the formulized integer problem is reduced to a group of k-
median decision problems. A local search algorithm is 
proposed to solve the problem. 

A. K-median decision problem 
K-median decision problem is a typical NP-complete 

problem which can be described as follows. Given a client set ܨ  and a candidate position set ܳ . Give a positive integer k 
which ݇ ൑ |ܳ| . The distance from each ݂ א ܨ  to ݍ א ܳ  is 
denoted by ௙݈௤ ൐ 0. Give a positive number G. The objective is 
to determine whether there is a subset  ܵ ك ܳ  where |ܵ| ൑ ݇ 
satisfies the following inequality. ∑ ݉݅݊ ሺ݈௙௦ሻ௙אி,௦אௌ ൑  (11)                                           ܩ

B. Reducing the PQM optimization problem into a group of 
K-median decision problems 

 Define matrix ܪ ൌ ሾ்ܯ, ሿ்்ܦ . So the formulized PQM 
optimization problem can be simplified as follows. ݉݅݊ܺ                                                                         (4) ܺܪ ൒ 1                                                                    (12) 

Suppose H has w rows so H is a ݓ ൈ ݊ matrix. Let each row of 
H denotes a client in a K-median decision problem, so a total ݓ 
clients are constructed. Let ܨത  denotes this new constructed 
client set. Let X be the candidate position set ܳ and തܳ  denotes 
this new constructed candidate set. Given a large integer U 
which ܷ ب w . Let ݈పఫഥ ൌ ௜௝ܪ  ൅ ሺ1 െ ௜௝ሻܪ ൈ U  denotes the 
distance from i-th client to j-th candidate. Random given a 
number ݇ ൑ |ܺ| ൌ ݊ . Let ܩ ൌ ݇.  Then the objective of the 
constructed K-median decision problem is to determine 
whether there is a subset  ܵҧ ك തܳ  where |ܵ| ൑ ݇ which satisfies 
the following inequality. ∑ ݉݅݊ ሺ ௙݈ҧ௦ҧതതതሻ௙ҧאிത,௦ҧאௌҧ ൑  (13)                                          ݓ
It can be proved that inequality (13) is equivalent to constraint 
(12).  

Proof: Suppose the observability constraint (12) is not satisfied. 
Then at least one ݉݅݊௙ҧאிത,௦ҧאௌҧ݈௙ҧ௦ҧതതത ൌ ܷ . As defined above, ܷ ب w , so inequality (13) will not be satisfied. On the 
contrary if inequality (13) is not satisfied then at least one ݉݅݊௙ҧאிത,௦ҧאௌҧ݈௙ҧ௦ҧതതത ൐ 1. As ܪ is a 0-1 matrix, so  ݈పఫഥ  is either 1 or ܷ 
which means ݉݅݊௙ҧאிത,௦ҧאௌҧ݈௙ҧ௦ҧതതത ൌ ܷ. This would lead to all ܪ௜௝=0 
so (12) is not satisfied too.  

The objective of the PQM optimization problem is to find 
the minimized number of PQMs to satisfy the constraint (12). 
The above constructed k-median decision problem gives the 
result whether using k PQMs can satisfy the constraint. So the 
simplest method is to keep decreasing k until constructed k-
median decision problem returns a negative result. In this way, 
the PQM optimization problem is reduced to a group of k-
median decision problems. The minimum k of k-median 

decision problems which gives the positive result is the 
optimal number. 

C. Solution algorithm 
 The optimal number of PQM is the result of minimum k 
which satisfies inequality (13). In order to reduce the time cost, 
binary search method can be applied in finding this minimum 
k. The pseudo-code of proposed algorithm is presented as 
follows. 

1. Given ܽ ൌ 0, ܾ ൌ ݊, ݇ ൌ ሺܽڿ ൅ ܾሻ/2ۀ and an integer m=0. 

2. Get the result of k-median decision problem with k. 

3. If step 2 gets a positive result, update ݉ ൌ ݇, ܾ ൌ ݇ and ത݇ ൌ ሺܽڿ ൅ ܾሻ/2ۀ. Otherwise update ܽ ൌ ݇ and ത݇ ൌ ሺܽ ൅ܾሻ/2. If calculated ത݇ is different from k then return to 
step 2 otherwise go to step 4. 

4. Return k. k is the optimal number of PQM. 

 As the practical power network may have tens of thousands 
of candidate PQM positions when considering user voltage 
level, so a polynomial algorithm is required. Otherwise the 
optimal result can’t be obtained due to the NP complexity of 
the problem. The proposed binary search algorithm has a time 
complexity of nlogn. If there is a polynomial algorithm for 
step 2, the PQM optimization problem can be solved within 
polynomial time. However as k-median problem is a NP-
complete problem, currently no polynomial algorithm is 
available. Instead of providing such algorithm, an 
approximation algorithm called local search algorithm can be 
used to get approximation optimal result in step 2. Local 
search algorithm has been proved to be efficient in both metric 
space and general distance space [13][14]. A local search 
algorithm can be described as follows. 

1. Random select a set ܵ ك ܳ which Sizeሺܵሻ ൌ ݇. 

2. Calculating the cost with ݐݏ݋ܥሺܵሻ ൌ ∑ ݉݅݊ ሺ݈௙ҧ௦ҧതതതሻ௙ҧאிത,௦ҧאௌ . 

3. A neighborhood structure for set S is defined as ܰሺܵሻ ൌሼܵ െ ݊ ൅ ݉ |݊ א ܵ, ݉ א ܳ, ݉ ב ܵሽ. If ܵ׌ᇱ א ܰሺܵሻ that ݐݏ݋ܥሺܵᇱሻ ൏  .ሺܵሻ then S=ܵᇱ, return to step 1ݐݏ݋ܥ

4. Return S. 

A local search algorithm has been proved to be a 
polynomial algorithm with good approximation ratio in [14]. 
So combining the two algorithms together a polynomial 
algorithm for PQM optimization problem is obtained. Section 
IV will give an example based on IEEE 14 buses network. Also 
an evaluation of the proposed algorithm compared with the 
branch and bound algorithm proposed in [7][15] is provided. 

IV. EXPERIMENTAL RESULTS 
In this section, the algorithm is compared with the branch 

and bound algorithm proposed in [7]. In order to maintain the 
consistency and fairness, both connective and co-connective 
matrix are used as described in [7]. For the simplification of 
the case, the concept of threshold p will not be applied. This 
threshold is set by users and related to cumulative distribution 
of quality events [5]. The concept of threshold will not change 
the complexity or the formulation of the problem. An IEEE 14 



buses model will be used. Same case has been studied in [7] so 
it’ll be easier to make the comparison. The IEEE 14 bus model 
is presented as following Fig. 31. 

 
Fig. 3. IEEE 14-bus system model 
As above mentioned, the concept of threshold is not used so 

variable observability is used to denote the connective matrix 
M. For example, suppose PQMs are installed in bus 2 or 5. 
According to the previous description in section II, ݅ଵଶ and ݒଶ 
or ݅ଵହ  and ݒହ  can be observed. So ݒଵ  can be calculated by 
Ohm’s law which lead to the observability of ݒଵ. However, if 
PQMs are installed in other position (except bus 1), ݒଵ can’t 
be obtained. So the first row of matrix M is ሾ1,1,0,0,1,0,0,0,0,0,0,0,0,0ሿ . The rest of M can be obtained 
with the same method. As the model has 19 lines and 14 buses, 
M is a 33 ൈ 14 matrix.  

On the other side, according to lemma 3, if the voltage of 
the two buses across the line is observable, the current of line 
is calculable. This will lead to a co-connective matrix which 
may adjust M. For example, suppose PQMs are installed in 
buses 1 and 3. According to previous analysis, voltage of 
buses 2 and 4 is observable, so current ݅ଶସ  is observable. It 
reveals that the connective vector of the current is related with 
connective vectors of buses connect to the line. The 
connective vector of the current can be changed to two vectors. 
The first is the original vector added with vector of one bus. 
The second is the original vector added with the other bus. If 
the modified two connective vectors are satisfied, it means 
both buses are observable or the current itself is observable, 
which will lead to the observability of current.  

In the above example the connective vector of ݅ଶସ 
is ሾ0,1,0,1,0,0,0,0,0,0,0,0,0,0ሿ , connective vector of ݒଶ  is ሾ1,1,1,1,1,0,0,0,0,0,0,0,0,0ሿ  and the connective vector of ݒସ 
is ሾ0,1,1,1,1,0,1,0,1,0,0,0,0,0ሿ . The modified connective 
vectors are as follows.     ሾ0,1,0,1,0,0,0,0,0,0,0,0,0,0ሿ ൅  ሾ1,1,1,1,1,0,0,0,0,0,0,0,0,0ሿൌ ሾ1,1,1,1,1,0,0,0,0,0,0,0,0,0ሿ       ሾ0,1,0,1,0,0,0,0,0,0,0,0,0,0ሿ ൅  ሾ0,1,1,1,1,0,1,0,1,0,0,0,0,0ሿൌ ሾ0,1,1,1,1,0,1,0,1,0,0,0,0,0ሿ 
As mentioned in section II, M is a 0-1 matrix so number 2 of 
the adding results  in the above equations are modified to 1. 
The rest of matrix M can be modified with the same method.  

                                                           
1 http://www.ee.washington.edu/research/pstca/ 

In the first part of the experiment, the fault location 
constraint is not considered. So the experiment setting is the 
same as in [7]. The implementation of the branch & bound 
algorithm proposed in [7] can be found in [15]. The 
implementation of proposed algorithm is written with matlab. 
Both algorithms are tested on a laptop with two Intel i5 cores 
and 3GB memory. The optimal results achieved by proposed 
algorithm are presented and compared with branch & bound 
algorithm results in following table 1. As there are random 
steps exist in the proposed algorithm so the proposed 
algorithm was tested 5 times. 

TABLE I.  OPTIMAL RESULTS WITH OBSERVABILITY CONSTRAINT 

Experiment 
Times  

Optimal results with our algorithm 
Optimal number PQM Location Time Cost 

1 5 1, 3, 6, 7, 9 6.587ms 

2 5 1, 2, 6, 8, 9 3.497ms 

3 4 2, 6, 8, 9 4.315ms 

4 5 3, 5, 6, 7, 9 4.113ms 

5 4 2, 6, 8, 9 4.326ms 

Optimal results by algorithm proposed in [7] 

Optimal number PQM Location Time Cost 

4  2, 6, 8, 9 937.483ms 

As table 1 presents, the results of proposed algorithm is 
comparable with the result of branch & bound algorithm in [7]. 
But the time cost of proposed algorithm is tremendously 
improved. If the proposed algorithm is applied several times 
and the best result is chosen then it’s as good as branch & 
bound algorithm. 

Next the fault location constraint is added into the problem 
according to the formulation in section II. Take above ݒଶ and ݒସ  for example, the fault location vector is calculated as 
follows.      ሾ1,1,1,1,1,0,0,0,0,0,0,0,0,0ሿ ْ ሾ0,1,1,1,1,0,1,0,1,0,0,0,0,0ሿൌ ሾ1,0,0,0,0,0,1,0,1,0,0,0,0,0ሿ 

Suppose PQM is installed in bus 1. Then it’s obvious that ݒଶ is observable by this PQM while ݒସ is not. This lead to the 
distinguishable of fault caused by ݒଶ from ݒସ. Same result will 
be obtained if PQM is installed in bus 6 or 9. The rest of the 
fault location vector can be calculated with the same method 
and the optimal result is presented in following table 2. In this 
case all ݀௜௝  is set to 1. 

TABLE II.  OPTIMAL RESULTS WITH BOTH CONSTRAINTS 

Experiment 
Times  

Optimal results with our algorithm 
Optimal number PQM Location Time Cost 

1 8 1, 3, 4, 7, 9, 10, 13, 14 20.486ms 

2 8 1, 3, 4, 7, 9, 10, 12, 14 16.000ms 

It’s obvious in table 2 that the optimal number of PQM is 
increased to 8 when consider fault location constraints. And 
the optimal result is not unique.  

Now let’s test whether the result is correct. Random choose 
solution 1 with PQM locates at 1, 3, 4, 7, 9, 10, 13, 14. 



Suppose voltage quality event caused by bus 3 and 5 happens. 
Fault position 3 can be observed by PQM at buses 3 and 4 
while fault position 5 can be observed by PQM at bus 1 and 4. 
So voltage events caused by bus 3 and 5 is distinguishable. 
This experiment shows that with fault location constraint the 
optimal number of PQM will increase.  

Although the above experiment 1 has already showed the 
efficiency of proposed algorithm. We further test the 
algorithm efficiency when the problem scales up. A random 0-
1 matrix is generated to represent matrix M. Also it’s 
compared to the branch and bound algorithm, the fault 
location constraint is not applied too. The optimal results 
obtained by two algorithms of same experiment setting are 
presented as following table 3 and Figs. 4. As the optimal 
PQM location is not unique with a random generated power 
grid, comparing each one of these solutions is too cockamamie. 
So for each scenario we test the proposed algorithm 5 times 
and check whether the optimal solutions obtained by the 
proposed algorithm are consistent with the solutions obtained 
by algorithm proposed in [7]. 

TABLE III.  OPTIMAL RESULTS WITH RANDOM GENERATE MODEL 

Power grid 
model scale  

Optimal 
number with 
our algorithm 

Optimal 
number with 

algorithm 
proposed in [7] 

Whether the 
two optimal 
solutions are 

consistent 
20 3 3 Yes 

30 4 4 Yes 

50 5 5 Yes 

100 5 5 Yes 

200 6 6 Yes 
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Fig. 4 Time cost of two algorithms 

Table 3 and Fig. 4 clearly show that the proposed algorithm 
works as well as algorithm in [7]. But the time cost of the 
proposed algorithm improves tremendously. For example the 
time cost of proposed algorithm under problem scale 200 is 

1.00106 second, while algorithm in [7] takes 360.824737 
seconds to get the result. 

V. CONCLUSIONS 
A novel model for PQM number optimization is proposed in 

this work considering both system observability and fault 
location constraints. The formulized linear integer problem is 
reduced to a group of k-median problems and a local search 
algorithm is applied. Experimental results show a very good 
improvement with proposed algorithm compared with existing 
work. The proposed algorithm works faster than current 
algorithm while maintaining the accuracy of results. 
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